We measure the running of the SU (∞) 't Hooft coupling by performing a step scaling analysis of the Twisted Eguchi-Kawai (TEK) model, the SU(N ) gauge theory on a single site lattice with twisted boundary conditions. The computation relies on the conjecture that finite volume effects for SU(N) gauge theories defined on a 4-dimensional twisted torus are controlled by an effective size parameterl = l √ N , with l the torus period. We set the scale for the running coupling in terms ofl and use the gradient flow to define a renormalized 't Hooft coupling λ(l). In the TEK model, this idea allows the determination of the running of the coupling through a step scaling procedure that uses the rank of the group as a size parameter. The continuum renormalized coupling constant is extracted in the zero lattice spacing limit, which in the TEK model corresponds to the large N limit taken at fixed value of λ(l). The coupling constant is thus expected to coincide with that of the ordinary pure gauge theory at N = ∞. The idea is shown to work and permits us to follow the evolution of the coupling over a wide range of scales. At weak coupling we find a remarkable agreement with the perturbative two-loop formula for the running coupling.
Introduction
The Twisted Eguchi-Kawai (TEK) model [1, 2, 3 ] is a single-site formulation of SU(N ) lattice gauge theory. In the large N limit, taken at fixed bare 't Hooft coupling, it becomes equivalent to a SU (∞) lattice gauge theory in the thermodynamic limit, as tested numerically in detail in Ref. [4] . In this paper we will be concerned with the analysis of the TEK model in a different scaling regime. The conjecture of TEK volume reduction and the more general one of volume independence at finite N with twisted boundary conditions have been recently reviewed in Ref. [5] , and analyzed in 2+1 dimensions in Refs. [6, 7] . The main ingredient to be used in this paper is that SU(N) gauge theories, when defined on twisted 4-dimensional tori, have volume effects controlled by an effective size parameter l = l √ N , with l the torus period. Our objective will be to determine the non-perturbative running of the 't Hooft coupling with the effective scalel. For that purpose we will be using a standard step scaling procedurel → sl implemented non-perturbatively by discretizing the torus on a lattice [8] . The unusual feature in our determination is that we will work on a single-site TEK lattice withl = a √ N . Even in this extreme case, volume independence suggests that step scaling may be implemented by scaling the gauge group from SU (N ) to SU (s 2 N ). We will show this procedure at work and will reproduce the 2-loop running of the coupling constant from the step scaling non-perturbative simulations. One important remark is that this will require us to approach the continuum limit at a fixed value ofl, which amounts in the TEK model to a large N limit taken at fixed renormalized 't Hooft coupling λ(l). If volume independence holds, we expect that our calculation will provide the running of the SU (∞) 't Hooft coupling in the continuum limit.
Before proceeding any further, let us mention that twisted boundary conditions have already been used in combination with the Yang-Mills gradient flow [9, 10] to define a running coupling for SU (N ) gauge theories [11, 12] . Here we define an analogous coupling that runs in terms of the effective scalel. Preliminary results of this work have been presented in Ref. [13] .
The paper is organized as follows. Sec. 2 discusses briefly the idea of volume independence, linking finite size and finite N effects in the presence of twisted boundary conditions. We discuss how this general idea particularizes to the case of the TEK model. In sec. 3 we define a non-perturbative coupling based on the use of the gradient flow on a 4-dimensional torus with twisted boundary conditions in all directions. The renormalization scale is fixed in terms on the effective box sizel. The perturbative behaviour of the gradient flow in this set-up is analyzed in sec. 4 . We briefly discuss how to improve the lattice definition of the coupling at tree-level in perturbation theory deferring all the technical details to Appendix A. In sec. 5 we present the results of a non-perturbative calculation of the TEK running coupling and describe in detail the step scaling procedure involved in its determination. We conclude with a brief summary of our results. Appendix B collects all our numerical data.
Volume independence in SU (N ) gauge theories on the twisted torus
Twisted Eguchi-Kawai reduction [1, 2, 3] can be considered a particular case of the more general idea of volume independence in Yang-Mills theories with twisted boundary conditions, recently reviewed in Ref. [5] . The main observation is that finite size and finite N effects are intertwined. In the case of the 4-dimensional lattice TEK model, the corrections at finite N take the form, in perturbation theory, of finite volume corrections for an effective lattice size of √ N . For instance, the propagator is identical to that of a ( √ N ) 4 lattice [2] . In this paper we will use this fact to define a running coupling constant in the large N gauge theory using the rank of the group as a size parameter.
To be precise, let us start from the general case of a SU (N ) gauge theory defined on a four dimensional torus with all periods equal to l and twisted boundary conditions. It has been conjectured that finite size effects are controlled by an effective size parameter given by:l = l √ N . This is so for the set of irreducible antisymmetric twist tensors [14] :
with k and √ N coprime integers. The conjecture is sustained by the observation that the momentum quantization rule and the free propagators correspond to those of a box with extended periodsl. Moreover, the perturbative Feynman rules in the twisted box respect thel dependence up to a phase factor determined by the boundary conditions through the
withk defined to satisfy kk = 1 (mod √ N ). Providedθ is kept fixed as the large N limit is taken, volume effects in perturbation theory are controlled by the effective sizel.
In order to establish a connection to the TEK model, one discretizes the theory on a L 4 lattice withl = aL √ N . The TEK model corresponds to the case of a one point lattice with L = 1. It is defined in terms of four SU(N) matrices U µ , with the action
where b is the lattice analog of the inverse 't Hooft coupling, 1/(N g 2 ). In the original proposal, put forward long ago in Ref. [2] , the large N limit is attained at fixed value of the lattice spacing a, with the continuum limit taken afterwards driven by the large N beta function. TEK reduction implies that the resulting theory is equivalent to a SU (∞) gauge theory in the thermodynamic limit. This holds as long as center symmetry is not spontaneously broken for large N , i.e. the trace of all open Wilson loops on the lattice should go to zero in this limit. For that to be the case the flux k has to satisfy k/ √ N > 1/9 [3] . As mentioned in the introduction, we will follow a different strategy, taking the continuum limit at a fixed value of the effective torus sizel. For the TEK model l = a √ N , and the continuum limit corresponds to the N → ∞ limit taken at fixedl. This has to be done while scaling the flux appropriately to keep the parameterθ fixed [5] .
Twisted Gradient Flow (TGF) running coupling: λ TGF
To determine the running coupling we will make use of the recently proposed Twisted Gradient Flow (TGF) scheme [12] . The gradient flow [9, 10] smooths gauge fields along a flow-time trajectory defined by the equation:
with B µ (x, t = 0) determined by the gauge potential A µ (x). At positive gradient flow time, the action density of SU(N ) gauge theory is a renormalized quantity with a perturbative expansion in the thermodynamic limit given by [10, 15] ,
denoting the 't Hooft coupling in the M S scheme. This quantity can be used to define a renormalized coupling at a renormalization scale µ = 1/ √ 8t. The identification of this scale with the linear size of the box gives rise to the finite volume gradient flow schemes [16, 17] . In this context, the use of twisted boundary conditions, leading to the TGF scheme, has many advantages [12] . Among them, the absence of zero momentum modes and the manifest invariance of the theory under space-time translations.
In this paper we will present a modification of the TGF scheme which adopts the twisted boundary conditions introduced in the previous section. It incorporates the idea of volume independence by fixing the renormalization scale in terms of the effective box sizel = l √ N . The renormalized coupling at scalel is thus given by:
with c an arbitrary constant parameter defining the renormalization scheme. The constant N (c) is determined by matching λ TGF (l) to the bare 't Hooft coupling (λ 0 ) at tree-level in perturbation theory. The details of the calculation of N (c) on a finite twisted torus are presented in Appendix A. The tree-level expansion of E(t) is easily obtained in momentum space:
where q µ = 2πn µ /l, with n µ ∈ Z Z. The prime in the sum implies the exclusion of momenta with n µ = 0 (mod √ N ), ∀µ. This leads to: 5) expressed in terms of the Jacobi Theta function:
A non-perturbative determination of the running coupling requires a lattice calculation. Our proposal is to replace the standard step scaling procedure [8] taking into account that the effective box size isl. Accordingly we define a continuum step scaling function
and the corresponding lattice expression
defined on an L 4 site lattice withl = aL √ N . In addition, we will push the idea of volume independence to the extreme by discretizing the continuum box on a one point lattice with L = 1. The running of the coupling will be determined in this case from a step scaling procedure that uses the rank of the gauge group as a size parameter.
Step scaling will proceed by scaling the gauge group from SU (N ) to SU (s 2 N ). The continuum step scaling function is thus obtained from the extrapolation
at fixed u. Here we have used thatl = a √ N gives the effective lattice size, and thus for fixedl the continuum limit is approached by sending N to infinity. The TGF coupling is automatically O(a) improved [18, 19] thus an extrapolation in a 2 ∼ 1/N will be required.
Perturbative analysis of the twisted gradient flow on the lattice
Before presenting the outcome of the step scaling analysis we need to discuss the lattice definition of the TGF coupling. We will just summarize the main results; all the technical details are included in Appendix A. Let us recall that we are discussing the case of SU (N ) gauge theories discretized on an L 4 lattice with twisted boundary conditions. The discussion will be done for arbitrary L, the TEK case follows easily by setting L = 1. One has to start by considering a discretization of the flow equation and the lattice action used in the Monte Carlo simulation. We will focus on the case in which the Wilson plaquette action is used for both. For our choice of twist tensor Eq. (2.1), it reads:
with Z µν (n) = 1 for all plaquettes except for one corner plaquette in each plane, for which:
The next step is to consider lattice approximants to the observable E(t). There are two standard choices in the literature: the plaquette definition
where 4) and the symmetric one
where
and
To have an idea of the artifacts induced by the discretization we can compare the lattice and the continuum definitions of t 2 E(t)/N at tree-level in perturbation theory. The lattice expressions are derived in Appendix A. We obtain: The lattice momentum q µ = 2 sin(q µ /2), where q µ is given by:
The comparison between the different tree-level expressions for t 2 E(t)/N is displayed on Fig. 1 . The dependence on the flow time t of the plaquette (blue) and symmetric (red) definitions compared to the continuum expression (green) is displayed in Fig. 1(a) . Reduced lattice artifacts are observed for the symmetric definition. Note however that this effect is strongly dependent on the lattice action used in the flow equation [18, 19] . For example, substituting in Eqs. (4.7) and (4.8) the lattice kernel, exp(−2t q 2 ), by the continuum one, exp(−2tq 2 ), we obtain the results displayed in Fig. 1(b) . In this case the plaquette definition approximates the continuum result much better than the symmetric one. For comparison we also display in Fig. 1 (c) the results that are obtained if the Symanzik improved Square action [20, 21] is used for the flow (details are given in Appendix A).
These artifacts affect the determination of the TGF running coupling. A significant improvement is obtained if one adjusts the normalization constant N (c) entering the definition of the coupling to preserve the equality between renormalized and bare coupling at leading order on the lattice [17, 12, 22, 13] . For our purposes we will only need N (c) on the TEK single-site lattices when the Wilson plaquette action is used for the simulation and the flow. From Eqs. (4.7) and (4.8) we derive
and N S (c) = c 4 128
depending on whether the plaquette or symmetric definition of the coupling is employed. If N (c) is chosen appropriately for each observable a significant reduction in lattice artifacts is achieved. Examples will be presented in sec. 5. Most of the results that will be discussed in the next section correspond to these improved coupling definitions.
0.300 0.417 0.267 0.389 Table 1 : Run parameters for each N . The flux, denoted by k, is an integer coprime with √ N .θ equals 2π|k|/ √ N , withk an integer satisfying kk = 1 (mod √ N ).
Results
In this section we will compute the non-perturbative running coupling in the TEK model following the steps described in the previous sections. The procedure involves a numerical determination of the lattice step scaling function Σ(u, s, √ N ). Ideally one would start by measuring the TGF coupling on a set of SU (N ) TEK lattices, tuning the bare coupling b to obtain the same value of the renormalized coupling u for several values of N :
A fixed value of u determines the line of constant physics. For a given N and scale factor s, the lattice step scaling function Σ(u, s, √ N ) is given by:
with the new renormalized coupling computed on a SU (s 2 N ) TEK lattice at the same value of the bare coupling b N (u). The continuum step scaling function is obtained from the extrapolation N → ∞ at fixed u. This step is iterated several times, starting each run from a new value of u n+1 = σ(s, u n ). The need to tune b for each step makes this approach computationally expensive, and since the continuum extrapolation has to be taken for each step before repeating the tuning of b for the next step, each step requires a new set of simulations.
A more economic alternative consists of measuring the TGF renormalized coupling for a wide range of values of b at each value of N , and making use of an interpolating function to extract Σ at any desired fixed value of u from this data. This is the approach that we have followed in this paper.
Simulation details
The lattice action employed in the Monte Carlo simulation is the TEK model action given by Eq. Before presenting the results for the coupling it is convenient to make a few comments regarding the validity of reduction for our set of lattices. There are certain restrictions on the allowed values of the flux k and the integerk. Let us briefly describe what they are.
Following [3] , center symmetry is preserved on the TEK lattices if k/ √ N > 1/9. As an example of the behaviour of Polyakov loops, which act as order parameters for center symmetry breaking, we have analyzed the quantity |TrU µ | /N . Fig. 2(a) Fig. 2(b) . By definition it is always positive but the figure shows that it goes to zero in the large N limit. The dependence of the coupling λ TGF (normalized to the value atk = 5) on the quantitỹ
At finite values of N , the results obtained for the renormalized coupling will depend also on the value of the quantityθ. A smooth continuum limit is best obtained by taking large N while keeping the value of this quantity fixed. Strictly speaking this is impossible sincek and √ N are coprime integers, introducing a source of systematic errors in our data. Nevertheless, it is to be expected that ifθ is taken approximately constant this effect would be small. To test this question we present in table 2 the dependence onθ of the TGF coupling for N = 121 and two values of b. One sees that at weak coupling this dependence is negligible. At strong coupling it can become a sizable effect. Notice, however, that if θ > π/2 the effect is at most 3 %. This explains the values ofθ used in our analysis and given in table 1.
Step Scaling Function
To determine the TGF running coupling, we integrate the gradient flow using the 3rd order Runge-Kutta scheme proposed in Ref. [10] with an integration step-size ∆t in the range 0.01 − 0.03, such that integration errors are much smaller than the statistical uncertainties. We have computed the tree-level improved couplings determined from either the plaquette or the symmetric definition using the lattice determined constants N P (c) or N S (c) given in Eqs. (4.10) and (4.11) respectively. The parameter c is in principle free, and different values correspond to different renormalization schemes. In general, a smaller value of c will result in smaller statistical uncertainties, but at the cost of larger lattice artifacts, and vice versa [17] . Here we take c = 0.30 as a good compromise between these two effects. The measured couplings using the plaquette and symmetric definitions are listed in Appendix B in tables 3 and 4 respectively. They have statistical errors O(0.3 − 0.5%). For √ N ≥ 10 there is no clear dependence on the choice of discretisation within the statistical errors.
Continuum Extrapolation
The results of the lattice step scaling function have to be extrapolated to the continuum limit at a fixed value of the renormalized coupling u. In order to do that we have to interpolate the data. We use two different interpolating strategies. The first, following Ref. [17] , is to fit the b dependence of the coupling to a 4-parameter Padé ansatz of the form:
Examples of such fits for the symmetric definition of the coupling are displayed in the lefthand plot of Fig. 3 . For plotting purposes the quantity plotted is bλ TGF ( √ N , b) and data corresponding to different values of N have been displaced vertically by 0.2. We obtain good fits with typical χ 2 per degree of freedom of order 1. The Padé fits allow us to extract the lattice step scaling function for arbitrary values of u.
To check for systematic effects involved in the fitting procedure we also use a different strategy, where we first construct Σ(u, s, √ N )/u directly from our coupling data, and then interpolate this in u using a 3-parameter polynomial of the form: Examples of these fits, along with the lattice data, are displayed in the right-hand plot of Fig. 3 , again for the symmetric definition of the coupling. The χ 2 per degree of freedom for these fits are similar to those of the Padé fits.
Let us start by illustrating the effect that the choice of N (c) has on the size of lattice artifacts. An example is presented in Fig. 4 . We display the continuum extrapolation of the lattice step scaling function Σ(u, s = 3/2, √ N )/u for u = 0.9875 and u = 7.3250. As already anticipated, the choice of the lattice definition of the renormalization constant results in a very significative decrease of lattice artifacts. The difference between them at finite N is a measure of lattice artifacts and they should give consistent continuum extrapolations. The analysis is repeated, using both types of interpolation, on a large number of bootstrap replicas of the data. The central value and associated uncertainty are then determined from the mean and the variance of this set of bootstrap estimates. Hence the error bars include both statistical errors, and the systematic error due to the choice of interpolation, although they do not include the systematic dependence introduced by not keepingθ exactly constant while taking the continuum limit. The fact that the √ N = 10 data is systematically higher than the rest might indeed be due to this effect. This source of error limits the accuracy of our continuum extrapolation which however does not seem to have a strong effect on the results.
The final, continuum extrapolated, result for σ(u)/u is shown in Fig. 6 as a function of u, together with the 1-loop and 2-loop perturbative predictions.
Our final result for the running coupling constant as a function of renormalization scale is presented in Fig. 7 and table 5 in Appendix B. We display λ TGF (l) versus log 3/2 (l/l min ) over a range of change in scale of s 30 with s = 1.5, starting at λ TGF (l max ) = 23.0, and running down to λ TGF (l min ) = 1.65 (10) . A very good agreement with the 2-loop perturbative formula is observed at weak coupling. 
Conclusions
We have pushed the idea of volume independence to the extreme by determining the scale dependence of the SU (N ) renormalized gauge coupling from a scaling analysis of the single site TEK lattice, where the rank of the gauge group acts as a size parameter. This allows us to determine the running of the coupling through a step scaling procedure that involves the scaling of the gauge group SU (N ) → SU (s 2 N ). The continuum step scaling function is obtained in the N → ∞ limit taken at fixed values of the renormalized 't Hooft coupling.
We have computed the running of the coupling across a wide range of scales, finding an excellent agreement with the two-loop perturbative formula at weak coupling. Our results provide support to the conjecture that finite volume and finite N effects are related in the TEK model. To define the coupling we have proposed a modification of the Twisted Gradient Flow running coupling scheme introduced by A. Ramos in Ref. [12] . TGF is a finite volume renormalization scheme that uses the gradient flow [10] combined with twisted boundary conditions to define the SU (N ) running coupling at a scale set by the size of the box. Our proposal, based on the idea of volume independence, has been to fix the renormalization scale in terms of an effective box size that combines finite volume and finite N effects:
The renormalized coupling at scalel is thus given by:
with c an arbitrary constant parameter defining the renormalization scheme and E(t) the energy density at a finite flow time t. The proposal makes use of the idea of twisted volume reduction conjecturing that finite volume effects on a 4-dimensional twisted box are controlled by the effective size parameterl [1, 2, 3, 5] . This holds for a specific choice of twisted boundary conditions given by twist tensors n µν satisfying Eq. (2.1). For our choice of twisted boundary conditions, we have analyzed the tree-level perturbative behaviour of the energy density in the continuum and on the lattice. This allows to determine the normalization constant N (c) entering the definition of the running coupling. As already pointed out in Refs. [17, 12, 22, 13] , the use of the lattice determined normalization constant results in a very significant reduction of cut-off effects in the running coupling.
A. The normalization constant N (c) entering the definition of λ T GF
In this section we will focus on the calculation of the normalization constant N (c) used in the definition of the 't Hooft coupling within the Twisted Gradient Flow scheme given by Eq. (3.3). As already mentioned, N (c) is determined by imposing that λ T GF (l) agrees at tree-level with the bare coupling λ 0 . Although the results presented in this paper correspond to d = 4 dimensions, in this Appendix we will keep the discussion general by considering an arbitrary number of, even, space-time dimensions d. In this case, the effective linear size of the box, in terms of which we fix the scale of the running coupling, is given byl = lN 2/d . To set the stage, we will start by deriving an expression for N (c) in the continuum. Consider a SU (N ) gauge theory defined on a d dimensional torus with periods l and twisted boundary conditions given by the twist tensor n µν . We will focus on the set of irreducible twist tensors [14] given by:
with Θ the step function. For d = 4 this reduces to the expression presented in Eq. (2.1).
In this set up the perturbative formulas are derived by scaling the gauge potential as gA µ and expanding all expressions in powers of the coupling g. The derivation will require us to consider the momentum expansion of the gauge potential compatible with the twisted boundary conditions:
with momenta quantized as:
excluding those for which q µ = 0 (mod N 2/d ) for all µ (indicated by the prime in the sum over momenta). The matricesΓ(q) are given by:
with integers s related to the momenta through:
The Γ µ matrices are the so-called twist-eaters that satisfy:
Herek is an integer defined through the relation:
and˜ µν is an antisymmetric tensor satisfying:
The flow equation can be solved order by order in perturbation theory. For that purpose it is convenient to analyze the modified flow equation:
(A.10)
Solutions of the original and modified flow equations are related by a flow-time dependent gauge transformation that leaves E(t) invariant. At tree-level order, this is equivalent to solving the flow equation for the tree-level gauge fixed action. In the Feynman gauge (ξ = 1):
A solution to the modified flow equation at this order is easily obtained in momentum space:
(A.12)
Inserting this expansion in the expression for t 2 E/N gives:
Through Eq. (3.3), this leads to:
(A.14)
A compact expression for N (c) is obtained using the Jacobi Theta function:
This gives the following expression
which can be easily evaluated.
Let us now proceed with the lattice calculation of N (c). For that purpose we discretize the SU (N ) gauge theory on a L d lattice endowed with twisted boundary conditions. The torus periods are given by l = La, with a the lattice spacing. In what follows a will be set to 1, a dependent expressions can be easily retrieved by using dimensional arguments. The expressions derived in this way will reduce to those of the TEK one-point lattice model by setting L = 1.
As mentioned in section 4, three ingredients have to be considered when deriving a lattice expression for t 2 E(t):
• the discretized lattice action used in the Monte Carlo simulation,
• the discretized lattice flow equation,
• the discretization of the observable representing E(t) on the lattice.
We will analyze the case in which the Wilson plaquette action is used both for the Monte Carlo simulation and for the flow. For twisted boundary conditions, it reads:
(A. 17) with Z µν (n) = 1 for all plaquettes except for one corner plaquette in each plane, for which:
n µν denoting the twist tensor given by Eq. (A.1).
The gauge links are expanded in perturbation theory as:
for all n such that n µ = L − 1, and
The modified lattice flow equation, equivalent to Eq. (A.10) in the Feynman gauge ξ = 1, is derived at tree-level from the discretized gauge fixed action:
where the lattice forward and backward derivatives are given by:
This gives at leading order in g:
which is easily solved using the expansion in momenta of the gauge fields. The solution reads:
with lattice momenta
where q µ is given by
In addition to the solution of the flow equation, one has to consider lattice aproximations to the observable E(t). Using the Fourier expansion of the gauge potential, Eq. (A.25), and the lattice propagator for the Wilson action it is easy to derive the leading order expansions of the plaquette and symmetric definitions presented in Eqs. (4.3) and (4.5):
We are now ready to derive the lattice expressions for N obtained from the plaquette and symmetric observables. The condition to be imposed is that λ T GF in Eq. (3.3) equals the bare coupling λ 0 at tree-level in perturbation theory. Taking into account thatl =La, this leads to: .29) and
We have also analyzed the effect of lattice artefacts for other discretized versions of the flow equation. We have considered in particular the Symanzik improved Square action [20, 21] which combines 1 × 1, 1 × 2 and 2 × 2 plaquettes:
with tree-level improvement coefficients:
It has the advantage that, choosing appropriately the gauge fixing term, one can obtain a diagonal propagator. This allows one to solve in a simple way the flow equation. The action at lowest order in g reads:.
The solution to the corresponding flow equation is given by:
The insertion of this expression into the plaquette and symmetric definitions of E(t) leads to
The analysis of the lattice artefacts for the Square action is displayed in Figure 1(c) .
B. Numerical results for the running coupling constant
In Tables 3 and 4 Table 5 . Table 5 : Running coupling λ TGF (l) as a function of the scalel, for both the plaquette and symmetric definitions of the coupling. The parameter c has been set to c = 0.3.
